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Abstract
This paper proves a theorem about connected components in metric spaces and gives some
applications.
 2002 Elsevier Science B.V. All rights reserved.
MSC: 54H; 54F; 47H
Keywords: Metric space; Connected component; Nonlinear operator equation; Relative compact set
1. Introduction
According to the needs of some problems in analysis mathematics, this paper proves
a theorem (Theorem 2.1) about connected components in metric spaces and applies it
to the research of the solution structures of nonlinear operator equations containing one
parameter λ in the nonlinear functional analysis, thus extending the results of [1–3].
Let M be a metric space, if M is a union set of its two open subsets A and B which
are nonempty and A ∩ B = ∅, then M will be called disconnected metric space. M is
connected metric space iff M is not disconnected. A subset of a metric space is connected
or disconnected, if it as a subspace is connected or disconnected.
If a subset A of a metric space is a maximal connected subset (that is, a connected
subset which is properly contained in no other connected subset), then A will be called a
connected component.
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Two properties of connected components is as follows:
Lemma 1.1 [4]. Each connected subset of a metric space is contained in a component, and
each connected component is closed.
Lemma 1.2 [5]. Suppose that M is a compact metric space, A and B are non-intersecting
closed subsets of M , and there does not exist a connected component of M which intersects
with A and B . Then there must exist two disjoint compact subset MA and MB , such that
M =MA ∪MB, A⊂MA, B ⊂MB.
Let M be a metric space, subsets {Cn} (n= 1,2, . . .)⊂M , we define
lim
n→∞Cn =
{
x ∈M | ∃{ni} ⊂ {n} and xni ∈Cni , such that xni → x
}
,
then limn→∞Cn will be called the upper limit set of {Cn}. Evidently, limn→∞Cn is a closed
set of M .
2. Main result
Theorem 2.1. Let M be a metric space and
· · ·< αn < · · ·< α2 < α1 < β1 < β2 < · · ·< βn < · · · (1)
lim
n→∞αn =−∞, limn→∞βn =+∞. (2)
Suppose that Σ = {Cn | n= 1,2, . . .} is a family of connected subsets of R1×M , which
satisfy the following conditions:
(I) For each n= 1,2, . . . ,
Cn ∩
({αn} ×M
) = ∅, (3)
Cn ∩
({βn} ×M
) = ∅, (4)
(II) ∀α,β,−∞ < α < β <+∞, (⋃∞n=1 Cn) ∩ ([α,β] ×M) is a relative compact set
of R1 ×M;
then there must exist a connected component C∗ in D = limn→∞Cn, which has the
following property:
C∗ ∩ ({λ} ×M) = ∅, ∀λ ∈R1. (5)
To prove Theorem 2.1, at first we prove the following lemma:
Lemma 2.2. Suppose that the conditions of Theorem 2.1 are satisfied, then for ∀z ∈D, the
connected component Cz which contains z in D, at least one of the following two formulas
are satisfied
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inf
{
λ | (λ,u) ∈Cz
}=−∞, (6)
sup
{
λ | (λ,u) ∈ Cz
}=+∞. (7)
Proof. If otherwise, neither of (6), (7) holds, then
inf
{
λ | (λ,u) ∈Cz
}= a′ >−∞, (8)
sup
{
λ | (λ,u) ∈ Cz
}= b′ <+∞. (9)
Therefore, from (1), (2), ∃n0, as n  n0, αn < a′, βn > b′. Since D is a closed set
in R1 × M , Cz is contained in D, thus Cz is also a closed set in R1 ×M . It follows
from the condition (II) of Theorem 2.1 and (8), (9) that Cz is compact and there exists
a δ-neighbourhood U1 of Cz, such that U1 ⊂ (αn0 , βn0) ×M . If ∂U1 ∩ D = ∅, we can
easily know that D ∩ U1 is a compact metric space. Obviously, Cz and ∂U1 ∩D are two
nonempty and non-intersecting closed subsets. Because of the maximal connectedness of
Cz, there does not exist a connected component L of D ∩ U1, such that L ∩ Cz = ∅,
L∩ (∂U1 ∩D) = ∅. By applying Lemma 1.2, setting M =D∩U1, A= Cz, B = ∂U1 ∩D,
there exist two non-intersecting compact subsets MA and MB of D ∩ U1, such that
Cz ⊂ MA, ∂U1 ∩ D ⊃ MB , MA ∪MB = D ∩ U1. Evidently d(MA,MB) > 0. Let δ =
1
3d(MA,MB), U2 be the
δ
3 neighbourhood of MA. And writing U =U1 ∩U2, then
Cz ⊂U, ∂U ∩D = ∅, U ⊂ (αn0 , βn0)×M. (10)
If ∂U1 ∩D = ∅, let U =U1, obviously (10) holds too.
By the definition of limn→∞Cn, ∃{ni} ⊂ {n} and zni ∈ Cni such that zni → z. Without
loss of generality, we can assume {zni } ⊂U . From (3), (4), ∀ni  n0, we have
Cni ∩
({αni } ×M
) = ∅, Cni ∩
({βni } ×M
) = ∅. (11)
If when ni  n0, Cni ∩ ∂U = ∅, then Cni ∩U and Cni ∩ ((R1 ×M) \U) are nonempty
open subsets of Cni and Cni = (Cni ∩ U) ∪ (Cλi ∩ ((R1 × M) \ U)), which yields a
contradiction with the connectedness of Cni . Thus
Cni ∩ ∂U = ∅ (ni  n0). (12)
We choose yni ∈ Cni ∩ ∂U , then {yni | ni  n0} is y∗ ∈ ∂U and a relative compact
set of R1 × M , there must exist y∗ ∈ ∂U and a subsequence of {yni | ni  n0}, such
that the subsequence converges to y∗. By the definition of limn→∞Cn, y∗ ∈D therefore
y∗ ∈D ∩ ∂U , which yields a contradiction with (10). ✷
Proof of Theorem 2.1. Taking c ∈ (α1, β1), let D(c) = D ∩ ({c} ×M), D(c) be closed
compact sets in R1 ×M . Similar to the proof of (12), we have Cn ∩ ({c} ×M) = ∅ (n=
1,2, . . .).
By choosing yn ∈ Cn ∩ ({c} ×M), from the condition (II), we know that {yn | n =
1,2, . . .} is a relative compact subset of {c} ×M , thus ∃y∗ ∈ {c} ×M , such that {ynk }
converges to y∗. From the definition of limn→∞Cn, y∗ ∈D, so D(c) = ∅. ∀(c, v) ∈D(c),
let E(v) be a connected component containing (c, v) and
λ(v)= inf{λ | (λ,u) ∈E(v)},
λ(v)= sup{λ | (λ,u) ∈E(v)}.
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Obviously, if for some (c, v) ∈D(c), λ(v)=−∞, λ(v)=+∞, then Theorem 2.1 hold.
We can assume that for all (c, v) ∈D(c), λ(v)=−∞ and λ(v) =+∞ cannot hold at the
same time. It follows from Lemma 2.2 that at least one of λ(v) = −∞ and λ(v) = +∞
holds.
Let
A= {(c, v) ∈D(c) | λ(v)=+∞},
B = {(c, v) ∈D(c) | λ(v)=−∞}
and
A1 =
{
(c, v) ∈A | λ(v) > α1
}
,
An =
{
(c, v) ∈A | αn−1  λ(v) > αn
}
(n= 2,3, . . .),
B1 =
{
(c, v) ∈B | λ(v) < β1
}
,
Bn =
{
(c, v) ∈ B | βn−1  λ(v) < βn
}
(n= 2,3, . . .)
then
A∩B = ∅, A∪B =D(c) (13)
and
A=
∞⋃
n=1
An, B =
∞⋃
n=1
Bn. (14)
∀(c, v) ∈ A, taking E′(v) as the connected component in E(v) ∩ ((−∞, β1] ×M),
which contains (c, v). By using the method similar to the proof of (10), we can make a
bounded open set U(v) in (−∞, β1] ×M , such that E′(v)⊂U(v), ∂U(v) ∩D = ∅, and
inf
{
λ | (λ,u) ∈ U(v)}>−∞, (15)
where ∂U(v) and U(v) denote the boundary and closure of U(v) in (−∞, β1] × M ,
respectively. By using the same method, for every (c, v) ∈ B , we can make a bounded
open set V (v) in [α1,+∞)×M , such that E′′(v)⊂ V (v), ∂V (v) ∩D = ∅, and
sup
{
λ | (λ, v) ∈ V (v)}<+∞, (16)
where E′′(v) is the connected component in E(v) ∩ ([α1,+∞) × M), which contains
(c, v), ∂V (v) and V (v) are the boundary and closure of V (v) in [α1,+∞) × M ,
respectively.
Evidently, the family of the open sets
{
U(v)∩ ({c} ×M) | (c, v) ∈A} ∪ {V (v) ∩ ({c} ×M) | (c, v) ∈ B}
of {c} ×M , which are an open covering of D(c). Since D(c) is a compact set of {c} ×M ,
there must exist v1, . . . , vm, vm+1, . . . , vp (p > m), such that (c, vi) ∈ A (1  i  m),
(c, vi) ∈ B (m+ 1 i  p), and the family of the open sets
{
U(vi)∩
({c} ×M) | i = 1,2, . . . ,m} ∪ {V (vi)∩
({c} ×M) | i =m+ 1, . . . , p}
(17)
of {c} ×M , which are a finite open covering of D(c).
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Let
U1 =
m⋃
i=1
U(vi), V1 =
p⋃
i=m+1
V (vi),
then U1 is a bounded open set of (−∞, β1] ×M , ∂U1 ∩D = ∅, and by (15), we have
inf
{
λ | (λ,u) ∈ U1
}
>−∞, (18)
where ∂U1 and U1 are the boundary and closure of U1 in (−∞, β1] ×M , respectively.
Similarly, V1 is a bounded open set of [α1,+∞)×M , ∂V1 ∩D = ∅ and
sup
{
λ | (λ,u) ∈ V1
}
<+∞, (19)
where ∂V1 and V1 are the boundary and closure of V1 in [α1,+∞)×M , respectively.
Setting
J = ∂U1 ∪ ∂V1 ∪
(({c} ×M) \ (U1 ∪ V1)
)
then J ∩D = ∅. (20)
From (20) and the condition (I), there exist n′, such that as n  n′, Cn ∩ J = ∅.
Using (18) and (19), we know that there exists n′′, such that when n n′′ we have
αn < inf
{
λ | (λ,u) ∈ U1
}
, βn > sup
{
λ | (λ,u) ∈ V1
}
. (21)
Let n∗ =max{n′, n′′}. From (3), (4), (21),Cn∩J = ∅ (when n n∗) and connectedness
of Cn, the same arguments used in the proof (12) can be applied to prove that,
Cn ∩
(({c} ×M)∩U1 ∩ V1
) = ∅, ∀n n∗. (22)
Therefore, it follows from the definition limn→∞Cn and (22)
D1(c)=D(c)∩U1 ∩ V1 = ∅, (23)
and D1(c) is a closed set, by the condition (II), we know that D1(c) is a compact set.
∀(c, v) ∈D1(c), if (c, v) ∈A, by ∂V1 ∩D = ∅, we have
inf
{
λ | (λ,u) ∈E(v)}< α1,
thus (c, v) /∈A1. Similarly, if (c, v) ∈B , then (c, v) /∈B1. So
D1(c)∩ (A1 ∪B1)= ∅. (24)
We replace D(c) by D1(c), β1 and α1 by β2 and α2. Then using the same method in the
above proof, we can make a nonempty compact D2(c)⊂D1(c) such that
D2(c)∩ (A2 ∪B2)= ∅. (25)
By analogy, for every n= 3,4, . . . , we can make nonempty compact sets Dn(c), such
that Dn(c)⊂Dn−1(c) and
Dn(c)∩ (An ∪Bn)= ∅ (n= 3,4, . . .). (26)
Setting D∗ =⋂∞n=1Dn(c), then D∗ = ∅, D∗ ⊂D(c). It follows from (24)–(26) that
D∗ ∩ (An ∪Bn)= ∅ (n= 1,2, . . .).
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So
D∗ ∩ (A∪B)= ∅.
However, by (13), we know that D(c) = A ∪ B , thus D∗ ∩ D(c) = ∅, which yields
a contradiction with D∗ = ∅, D∗ ⊂ D(c). This contradiction shows that there must exist
(c, v) ∈D(c) such that λ(v)=−∞ and λ(v)=+∞. Thus, the proof is complete. ✷
In the same way, we can prove that following result.
Theorem 2.3. Let M be a metric space and
a < · · ·< αn < · · ·< α2 < α1 < β1 < β2 < · · ·< βn < · · ·< b, (27)
lim
n→∞αn = a, limn→∞βn = b. (28)
Suppose that Σ = {Cn | n = 1,2, . . .} is a family of connected subsets of R1 × M ,
satisfying the following conditions:
(I) For each n= 1,2, . . . ,
Cn ∩
({αn} ×M
) = ∅, (29)
Cn ∩
({βn} ×M
) = ∅, (30)
(II) ∀α,β , a < α < β < b, (⋃∞n=1 Cn) ∩ ([α,β] × M) is a relative compact set of
R
1 ×M;
then there must exist a connected component C∗ in D = limn→∞Cn, which has the
following property:
C∗n
({λ} ×M) = ∅, ∀λ ∈ (a, b). (31)
3. Applications
In the papers [1,2], J. Leary, J. Schauder and F. Browder had proved the following
theorem.
Theorem 3.1. Let X be a Banach space, I = [−1,1] ⊂ R1, U a bounded open set of X.
Suppose that f : [−1,1] ×U →X is a compact continuous mapping and satisfies
x = f (λ, x), ∀(λ, x) ∈ [−1,1] × ∂U,
deg
(
Id− f (λ,•),U,0) = 0 for some λ ∈ [−1,1],
then
ϕ = {(λ, x) ∈ I ×U | x = f (λ, x)}.
Containing a connected component which has joined ϕ−1 = ϕ ∩ ({−1} ×X) and ϕ+1 =
ϕ ∩ ({1} ×X).
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Remark 3.2. In Theorem 3.1, we can replace [−1,1] by arbitrary interval [α,β].
This theorem finds wide applications in nonlinear function analysis and differential
equation theory.
By applying Theorems 2.1, 3.1, and Remark 3.2 in this paper, we can easily extend
Theorem 3.1 to the following result:
Theorem 3.3. Let X be Banach space, U a bounded open set of X,
f : (−∞,+∞)×U →X
a compact continuous mapping and satisfies
x = f (λ, x), ∀(λ, x) ∈ [−∞,+∞]× ∂U,
deg
(
Id− f (λ,•),U,0) = 0 for some λ ∈R1
then
ϕ = {(λ, x) | (−∞,+∞)×U | x = f (λ, x)}
contains a connected component C, and satisfies
C ∩ ({λ} ×X) = ∅, ∀λ ∈R1.
In [3], Costa and Goncalves had proved the following theorem.
Theorem 3.4. Let D be a nonempty bounded closed convex set of Banach space X,
K : [α,β] ×D→D,
a compact continuous mapping.
Then set
Sα,β =
{
(s, x) ∈ [α,β] ×D |K(s, x)= x}
contains a connected component which has joined {α} ×D and {β} ×D.
By Theorem 3.3 we can easily extend Theorem 3.4 to the following theorem.
Theorem 3.5. Let D be a nonempty bounded closed convex set of Banach space,
K : (−∞,+∞)×D→D,
a compact continuous mapping.
Then set
SR =
{
(s, x) ∈R1 ×D |K(s, x)= x}.
Contains a connected component C, and satisfies
C ∩ ({λ} ×X) = ∅, ∀λ ∈R1.
Remark 3.6. The method of proof in the papers [1–3], cannot be applied to prove
Theorems 3.4 and 3.5 in this paper.
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